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Abstract. In this paper we study a class of {1 + 1)-dimensional integrable systems called the
k-constrained KP hierarchy, We first show by using the Wronskian technique that the first flow
of the 2-constrained kP hierarchy possesses solutions in generalized double Wronskian form;
then we give a conjecture on the Wronskian structure for solutions of the general k-constrained
Kp hierarchy.

1. Introduction

It is well known that the KP hierarchy constructed in terms of the Sato theory can be reduced
to obtain the /-reduced KP hierarchy, which consists of many interesting (1 + I)-dimensional
soliton equations [1]. For example the KdV equation and the Boussinesq equation belong
to the 2-reduced and 3-reduced KP hierarchy respectively [1]. There is, however, another
important type of reduction for the KP hierarchy, which was given in [2—4]. By using this
new type of reduction, one obtains the following k-constrained KP hierarchy [4]:

L, =By, L] (1.1a)

gr, = Bugq (1.1b)

r, =—B'r nxl (1.1¢)
where

L=08+ud ' +usd™4+ ... (1.2)

is 2 micro-differential operator which satisfies the constraint
Lf = (L), +go7 or kel (1.3)

while 3 = &, u;(j = 2,3,---) and g, r are functions of ¢ = (#;,%, ) with f, = x,
By = (L"), is the differential part of the operator L", B} is the adjoint of By, and 8! or
is defined by

3l or=rd7  — 1072 41,870 — (1.4)

When ¢ =r =0, the k-constrained KP hierarchy {1.1) leads to the usual k-reduced KpP
hierarchy given in [1]. For general ¢ and r the solutions of the k-constrained Kp hierarchy
(1.1) provide a submanifold of the solutions of the KP hierarchy [2—4].
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The 1-constrained Kp hierarchy is just the AKNS hierarchy with the following first flow:

@i = Gxx -+ 29°r (1.5a)

ry = —rxy — 291 (1.58)
In the 2-constructed KP hierarchy, the first flow is

Qn = Gux T 2u2g {1.6a)

Uz, = (gr)x (1.6b)

ry, = —ryx —2ur. (L.6¢)

Equation (1.6) was given by Yajima and Oikawa and was solved by using the inverse
scattering method [5]; it has some physical applications. We call it in this paper the
Yajima-Oikawa equation.

References [4, 6] showed the Lax pairs, the recursion operators and the bi-Hamiltonian
structures of the k-constrained KP hierarchy (1.1). References [7,8] further showed that
the k-constrained KP hierarchy (1.1) can be put into bilinear equations; their rational and
soliton solutions can be constructed by using the free Fermion operators. In this paper,
we investigate the Wronskian structure for the solutions of the k-constrained KP hierarchy.
In section 2, we introduce some useful notation and identities; in section 3, we prove that
the Yajima—Oikawa equation (1.6) has solutions in generalized double Wronskian form.
Then in section 4, based on the result of section 3, the double Wronskian solution of the
AKNS hierarchy and the double-soliton solution of the k-constrained Xp hierarchy (1.1}, we
shall give a conjecture on the Wronskian structure for the solutions of the k-constrained Kp
hierarchy.

2. Some notation and identities

In this section, we introduce some notation and identities which will be useful for our
investigation of the Wronskian structure for the solutions of the k-constrained ¥P hierarchy.
Let ¢ and ¥ be two column vectors which depend on the variable ¢ =

(trote, -+ ); N, M, iy, -+, iy, ji,-++, ju be positive integers. Let 7 = (f,5, ") =
CUTELIED?
Define

|ﬁii11”'1iu; M:j]y"'!jl)l=det(ﬁ,i1:”.1iﬂ:; ﬂ!jl"“!jl}) (2'1)

where we have asssumed that the above determinant is well defined, and the above matrices
are defined as follows:

N=(p.oP 0™ M= yO..p*)
(N”illl"vip.; M!j]!"‘!jb‘) (2.2)
= ({0, (p@)' e W(ZN), go(ll':), - {0(2!'"), W, w(“, cen, W(M), w(h}‘ e, I!,Uv))

»® and ¥ denote the column vectors obtained by taking the ith and jth order derivatives
of the components of g and ¢ with respect to ;. Similarly we define

”thh‘“!iﬂ; Mvjl:"'tjviszt(ﬁkvilv"'1iu: Majlv"'yjﬂ) (2'3)
Iﬁkhilr""iﬂ; A}’jb"'}jul=det(ﬁkhil1""iﬂ; ﬁ’jh"‘!jv) (2-4)

lﬁails"'ai.ﬂ.; ﬁk;jl!"” JIJI =det(ﬁ:£19“'9iﬂ,; ngjls"'»ju) (2-5)
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and so on, where

Nk = ( ’ {P(z)’ Tty 50(2‘:_2]’ ¢(2k+2), Ty WGN))

ﬁk! = (¢"! ¢(2)! Pt ¢(2k—2), (0(%.}.2)! Tty (P(ﬂ-z}’ (ﬂ+2)’ Ty §0(2N1) (2‘6)

My = (i, D, o, &0, Gl L g0},

@

The above notation is similar to that given in [9, 10]. In this paper, the determinants of
the form (2.1}(2.5) are said to be in generalized double Wronskian form.
From [9] we have the following identities:

n n
Z'vl’ st !A'Uf’ R vﬂl = (ZJ"E) |U], Va2, -0, UHI (2'7)
i=1 =1
|Eab||Ebc| — |Ebd||Eac| + |Ecd||Eab| =0 (2.8)
where v;,a,b,c,d are n x 1 matrices, E is a # x (# — 2) matrix, and v =
(vjlq l)?', Ty v?)T, A'.l‘,l' = (A]_V:]', A‘zvfz" e A‘"v?)r'
The identities (2.7) and (2.8) are very useful identities in the construction of solutions
for some soliton equations by using the Wronskian technique [9].

3. The Wronskian structure for the solufions of the Yajima—Oikawa eguations (1.6)

Let us define the functions t, p, o as follows:

r=2 3.1)

3%Int P
Uy = -1:'

s}

Then the Yajima-Oikawa equation (1.0) is transformed to the following bilinear
equations:

DiDytot=2p0 (3.2a)
(D;—DYpor=0 (3.2b)
(D, +DHoor =0 (3.2¢)

where D;, i = 1, 2 is the Hirota’s bilinear operator with respect to #;. We have the following
theorem:

Theorem. Equation (3.2) has the following solution:

T=|N; M|=det(p, @, -, %, y, 4D, ... ¢y (3.3a)
p=IN+1; M| =det(p, 0@, -, 0% ¢, yW-1) (3.3b)
o= iﬂ! ﬁl = det (99; ¢(2)a "t @(2N-2)1 1;’» t.!’(])! R} 'lf(MH)) (336)

where ¢ = (_1;@20"'!§0N+M+2)T5 ¥ = (Wl! 1)0‘20""‘\!’N+M+2)Ts ¢ o= aiekjfl‘!—l'ziz’

W; = bye~Mh=Mh and A, a;, b; are arbitrary constants, N, M > L.
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Progf. 'We first prove that 7, p, ¢ defined by (3.3) satisfy equation (3.2a), or equivalently,
the following equation:

et — Tty — 4p0‘ =0. (34)

From the definition we have

N
o= ) (DR 2 0 M+ N M- T, M+ 1

j=0
G =IN—1L2N+2 M- N, M2, M+1,M|—|R; M—1,M+2|
N-1
Tp= 3 DYV 1)), 2j + 1,28 +2; M|+ 1N - 1,28 +3; M
j=0

N
+IN —T1,2N+2; M — 1, M+1—Y (DY (R, 2j+1, M =2, M+1, M|
j=0

— |y M =3, M—1, M+1, M|—|N; 3 — 2, M+2, M{-N; M — 1, M+3|

N
=Y EWHR 25+ M =T, M +2 - | M -2, M, M+ 2],
j=0

By using the identity (2.7) we have

N-+M+2 R
( 3 Ag)r=rﬁ—2[N;M—1,M+l]

i=1

Nt MA2 R R

SO M | T=r +2AN M -2, M+ LM+ 20N; M -1, M+ 2]
i=0

N+M+2 N+M+2 N . I
( 2 M) ( 2 k?)r=r;|;2+2Z(—1)”+11N,-,2j+1; M-2.M+1,M|
i=0 i=0 Jj=0

—N=T1,2N+2; M —1, M + 1

N
423 (=DVHIR, 2+ 1 M -1, M + 2.
Sf=0

So from the identity
N+ +2 Nk M2 N4-M42 N+M+2
E A Z A.f)r-r:(z A;)r-(z A?)r
=0 i=0 i=0 =0
we have

Yat — 1) = [|7v':‘i,2N+2; M, M1

N
=3 DM 25+ 1 =2, M+ 1, M
Jj=0
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N
= YN, 2+ 13 =1 M+ 21|18 M)
=0

+ {u\?; AT-‘Q,M+1,M|+|N,AT"—"“1,W|]

N
x Y (DR, 25+ 1 M
=
— N M=1,M+1|N=1,28 +2 M.

By using the identity (2.8) we have

N
TLT — T, — 40 =2 (=DVHING M 1IN, 2+ 1; M -2, M)
j=0

—ANTFI; M—IIIN—1; M+ 1|

N
— 23 (~DYH\R MM+ 2N 2+ 1 M-
j=0
For convenience, we denote the right-hand side of the above equality by 25. By using
identity (2.7) we have

———— i N+M+2 ~ ————— -~ ————
IN +1; M—11=( 3 Ai) INZN + 1, M =1+ N 2N+ 1; M -2, M|
i=0
N-1 - e
=Y (DN 2+ 1L,2N + 1 M-
j=0

SO
N+ M—1|N—1; M+1| =N, 2N +1; M -2, M|N ~1; M + 1|
— N 2N +1; M= 1N —1; M, M +2|

N=1
— Y (=DYNL 2+ LN+ 1 M- 1IN = 1; M A
j=0
N—1 R R R
+ 3 (=DYHNYE =Ty, 25+ 1; MR, 2N 4+ 1 M T
J=0
thus we have
N—1 R I
S= Y (=D |N; M4+ TIN,2j + 15 M =2, M{
J=0
N—[ A —————
ST (=DYR; M M A 20N, 25+ 1 M- )
j=0
N—] ——— e ————
+ Y =DV, 2+ LN+ 1 M-IV -1 M
i=0

N=1
+ Y DN =D+ s MR 2N + 1 M=)
j=0
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By using the equality

A N+M+2 .
N3 M,M+2l=—( > ks) Ny M, M+
i=0

+ {Z(—l)”*”‘-f—Z(—I)N“] (N 20+ 1: M, M+ 1

1<} >4

we can rewrite S as follows:

N=1
S=Y (=DVHN; M+ 1R, 2j + 1, M -2, M|
J=0

N-i N
+ 2D MY R 24 1,25+ 1 -
i=0 %]

N2 42 M1 — N, 2 +1; n?'-i“z,m]lﬁj; M+

N-1
- Z(-—I)N-HH\}. 2j+1; ﬁm| {Z(_I)NH-H‘ + Z(_I)Nﬂ']
j=0

1<j I>f
 |Njr, 20+ 1 M+

N=1
+ Y DVHIR 25+ L2N + 1 1IN =1 T+
=0
N-1 e . R
+ Y CDVHN -T2/ + 1 M+ 1IR 2N + 1 M-
J=0

To prove § = 0, we need the following identities:

dct(N—l, N 2j+1 W+1 M+, ,.9,_),—_0 55
N1, Ry, 2j+1, 2N+ 0, M-—1

-~ l"’ 2- . T
dct(N,, Ry, 2041, 2j+1; M+1, 0 )=0, 3.6)

- o

N, RNy, 241, 2j+1;, 0, M-1

they can be equivalently written as

N, 2/ + LaN+ 1 M~V —1; M+ 11 +1(N 1), 2+ ; M+ 1|
XN, 2N+ 1; M 1|+ |N=1,2N+1,2 +1; M~ 1||8;; M +1]
~ e p——— —
—IN2j+ 1, M=1||(N=1);,2N+ L, M +1|
=10 0L i< N~1 (3.7
N 2L+ 1,27+ 1 M — 1N M+ 1]+ N 20+ 1; M1
X [N, 2j+1; M—1|+IN,2j + 1,2+ 1; M—1|N; M +1
Ny, 2+ 1 M FIIN, 20+ 1; M =1
=0 0gI<jg<N-1 (3.8)
Since when j S N — 1,1V, 27 4+ 2; M — 1| = 0, from identities (3.7) and (3.8) we know
that § = 0. Thus we have proved that r, o, o satisfy equation (3.2¢). Similarly, we can
prove that 7, g, ¢ also satisfy equations (3.2b) and (3.2¢). The theorem is proved.
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4. A conjecture on the Wronskian structure for the solutions od the k-constrained Kp
hierarchy

In the preceding section, we have shown that the Yajima-Oikawa equation (1.6} which is the
first flow of the 2-constrained KP hierarchy, has solutions in generalized double Wronskian
form. In this section, we shall give a conjecture on the Wronskian structure for the solutions
of the k-constrained KP hiérarchy. For this purpose, we first give the bilinear equations for
the k-constrained KP hierarchy. From [7, 11] we know that if we define 7, o, o as follows:

2

lnt = ResyL" g =

~
Il
|G

019

where Resy L” denotes the coefficient of 87! of the micro-differential operator L”, then the
k-constrained KP hierarchy can be put into the following bilinear equations:

exp (Z Y D;) o p=Y pi(-20pjrisi(D)exp (Z yst) ToT (4.1a)
i=1 j=0 i=1

exp (Z Y D;) T p= Z pi(~2y)pi(D) exp (Z y[-D,-) o-T {4.1b)
i=l =0 i=l

exp (Z ygD;) g-T= Z pj(-—2y)p,(f)) exp (Z y,-D,-) t-0 4.1¢)
i=1 1=0 f=1

where y = (y1, y2, -+ *h D = (D1, $D3, $D3,+++), Dy, n = 1,2, -+ is the Hirots’s bilinear
operator with respect to ¢, and p;(#), j = 1,2, --- is the Schur polynomial defined by

oo o
SN = S pin)a) 5,0 =3 A (4.2)
7=0 i=l

We now give the following conjecture:

Conjecture. Let

7 = det (q,, PRS0 S wfﬂ‘”) (4.3a)
L= det ((0, ﬁf’(k)- tt qg(kN.HCJv ’ff» ‘J’(l), e w.(M—I)) (4'3b)
o =det(p, p®, - g® VR gy . D) (4.3¢)

where @ = (@1, 02, Ovams2)s ¥ = B o, o, Ynaaaa)s o = aeftH) oy =
bie~50*) and a;, b;, A; are arbitrary constants, M, N are arbitrary positive integers. Then
1, p, o defined by (4.3) satisfy equations in (4.1), thus giving a solution of the k-constrained
KP hierarchy.

From the Wronskian solutions of the AKNS hierarchy given in [10] we know that the
conjecture is verified for the 1-constrained KP hierarchy, and for the first flow of the 2-
constrained KP hierarchy the conjecture is verified by the result of section 3. For general k,
it can be shown that the double-soliton solution of the k-constrained Kp hierarchy found in
[8] can be put into the form given in the conjecture with M = N =2,
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5. Conclusion

We have proved that the first flow of the 2-constrained Kp hierarchy has solution in
generalized double Wronskian form, and then based on this fact and the double Wronskian
solutions of the 1-constrained KP hierarchy, the double-soliton solution of the k-constrained
KP hierarchy, we give a conjecture that the k-constrained Kp hierarchy has solutions in
generalized double Wronskian form. We note that if our conjecture is true for general &,
N, M, then the = defined by (4.3) is also a tau-function for the KP hierarchy, and it may
be put into the form of a usual Wronskian determinant [1, 11, 12], this provides us a hint
to verify our conjecture. On the other hand, from [8] we know that solutions T, p, o of
the k-constrained KP hierarchy can be obtained by using the free Fermion operators, and
they can be expressed by vertex operators, thus another possible way to see whether our
conjecture is true is to relate the 7, p, o defined by (4.3) with the 7, p, o expressed by the
vertex operators given in [8].

Acknowledgments

This work was partly supported by the National Natural Science Fund of China.

References

[}] Date E, Jimbo M, Kashiwara M, Miwa T 1983 Nonlinear Integrable Systems-Classical Theory and Quantum
Theory ed M Jimbo and T Miwa (Singapore: World Scientific) p 39
f2] Konopelchenko B G, Sidorenko } and Strampp W 1991 Phys. Lerr. 1574 17
[3] Cheng Y and Li Y S 1991 Phys. Lett, 157A 22
{41 Cheng Y 1992 J. Math. Phys. 33 3774
[5] Yajima N and Oikawa M 1976 Prog. Theor. Phys. 56 1719
[6] Cheng Y 1993 Hamiltonian structures for the nth constrained Kadomtsev~Petviashvilt hierarchy Preprint
{71 Cheng Y and Zhang Y J 1993 Bilinear equations for the constrained K hierarchy Mnverse Problems 9 in
press
[8] Cheng Y and Zhang Y J 1993 Solutions of the vector k-constrained KP hierarchy Preprin:
[9] Nimmo JJ C and Freeman N C 1983 Phys. Lett, 95A |
[10] Liu Q M 1990 J. Phys. Soc. Japan 59 3520
[11] Dickey L A 1991 Soliton Equations and Hamiltonian Systemns (Singapore: World Scientific)
f12] Hirota R, Ohta Y and Satsuma J 1988 Prog. Theor. Phys. Suppl. 94 59



