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Abstract. In this paper we study a class of ( I  + I)-dimensional integrable systems called the 
k-mnstrained KP hierarchy. We fi tst  show by using the Wronskian technique that the first flow 
of Ole Zconstrained KP hiemchy possesses solutions in generalized double Wronskian form; 
(hen we give a mnjecture on the Wronskian structure for solutions of the general k-consmined 
KP hierarchy. 

1. Introduction 

It is well known that the KP hierarchy constructed in terms of the Sat0 theory can be reduced 
to obtain the I-reduced Kp hierarchy, which consists of many interesting (1 + 1)-dimensional 
soliton equations [l]. For example the KdV equation and the Boussinesq equation belong 
to the 2-reduced and 3-reduced KP hierarchy respectively [l]. There is, however, another 
important type of reduction for the KP hierarchy, which was given in I2-41. By using this 
new type of reduction, one obtains the following k-constrained KP hierarchy [4]: 

(1.la) 
(1.lb) 
(1 .k)  

where 

L = a + u2a-l + ~ , a - ~ + .  . . (1.2) 

is a micro-differential operator which satisfies the constraint 

L~ = ( L ~ ) +  + q a - l  o r  k > l  (1.3) 

while a = $, u,(j = 2,3,  ' '  .) and q,  r are functions of f = (11, CZ, . . .) with fl = x ,  
B. = (L")+ is the differential part of the operator L", B; is the adjoint of Bn, and a-' o r  
is defined by 

a-' 0 r = ra-' - r,a-z + r,,a-3 - . . . , (1.4) 

When q = r = 0, the k-constrained KP hierarchy (1.1) leads to the usual k-reduced KP 
hierarchy given in [l]. For general q and r the solutions of the k-constrained KP hierarchy 
(1.1) provide a submanifold of the solutions of the KP hierarchy [ 2 4 .  
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The I-constrained KP hierarchy is just the m s  hierarchy with the following first flow: 

q,, = qxx + 2qzr 
rt2 = -rxx - %rz.  

In the 2-constructed KP hierarchy, the first flow is 

qr* = 4 x x  + 2u24 
~ 2 . ~ ~  = (v), 
rr2 = -rzx - 2 4 r .  

(1.5a) 
(1.5b) 

(1.6~) 
(1.6b) 
(1 .6~ )  

Equation (1.6) was given by Yajima and Oikawa and was solved by using the inverse 
scattering method [5]; it has some physical applications. We call it in this paper the 
Yajima-Oikawa equation. 

References [4,6] showed the Lax pairs, the recursion operators and the bi-Hamiltonian 
structures of the k-constrained KP hierarchy (1.1). References [7,8] further showed that 
the k-constrained Kp hierarchy (1.1) can be put into bilinear equations; their rational and 
soliton solutions can be constructed by using the free Fermion operators. In this paper, 
we investigate the Wronskian structure for the solutions of the k-constrained 12 hierarchy. 
In section 2, we introduce some useful notation and identities; in section 3, we prove that 
the Yajima-Oikawa equation (1.6) has solutions in generalized double Wronskian form. 
Then in section 4, based on the result of section 3, the double Wronskian solution of the 
AKNS hierarchy and the double-soliton solution of the k-constrained KP hierarchy (l.l), we 
shall give a conjecture on the Wronskian structure for the solutions of the k-constrained KP 
hierarchy. 

2. Some notation and identities 

In this section, we introduce some notation and identities which will be useful for our 
investigation of the Wronskian structure for the solutions of the k-constrained KP hierarchy. 

Let 'p and Q be two column vectors which depend on the variable t = 
(tl. t z ,  . . .); N, M, il ,  . . . , i,, j , ,  . . . , j, be positive integers. Let i = (&. t;, . , .) = 

Define 
I 1  (5'1, 5 t 2 , . . , ) .  

l f i , i l , . . . , i , ;  k , j  l . . . . , j , i=de t ( f i , i ,  ,..., i,; &',j l , . . . , j J  (2.1) 
where we have asssumed that the above determinant is well defined, and the above matrices 
are defined as follows: 
fi = (p, p, .. . , $ P N ) )  = (Q, $(I)* .. . , Q(M))  

( f i , i l , , . . , i , ;  G, j , , . . . ,  ju) (2.2) 
= ($4 'p(2). " ' , V  (IN) ,'p ('W I . , . , ,pd, Q, ,@I), . , , , ,p, . , ., QUJ) 

'p(') and 
of the components of 'p and Q with respect to il. Similarly we define 

denote the column vectors obtained by taking the ith and jth order derivatives 

I&, il, (2.3) 

l f i k i ,  i l ,  . ' , i,; k, j l  , , . . , ju I = det (I%, il , . , . , i,; A?, j ~ ,  .. 1 , j.) (2.4) 

[ f i , i l ,  ..., i,; &, j l ,  ..,, jyI =det(fi,il , . . . , i ,;  &, j l ,  ..., j y )  (2.5) 

, i,; k, j ~ ,  . . . , jJ = det pk, i1. .. , i,: k, j l ,  . . , j.) 
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and so on, where 

The above notation is similar to that given in [9, lo]. In this paper, the determinants of 

From [9] we have the following identities: 
the form (2.1)-(2.S) are said to be in generalized double Wronskian form. 

where v i , a ,  b , c , d  are n x 1 matrices, E is a n x (n - 2) matrix, and vi = 

The identities (2.7) and (2.8) are very useful identities in the consbuction of solutions 
( v i ,  V i " . . . .  , V ) ) T , A ~ i  = (AIv:,Az$, ..., ). ,Vi) n T  . 

for some soliton equations by using the Wronskian technique [9]. 

3. The Wronskian structure for the solntions of the Yajima-Oikawa equations (1.6) 

Let us define the functions T, p ,  a as follows: 

Then the 
equations: 

Yajima-Oikawa equation (1.6) is transformed to the following bilinear 

( 3 . 7 4  
(3.2b) 
( 3 . 2 ~ )  

where Di, i = 1.2 is the Hirota's bilinear operator with respect to 4 .  We have the following 
theorem: 

Theorem. Equation (3.2) has the following solution: 

* -  
T = IN; MI = det (q, p('), . . . , v ( * ~ ) ,  $, $( I ) ,  . . . , @ ( M ) )  

0 = [ N  - 1; M t 11 = det (p, P(~) ,  . . . , p(2N-2), $, +(I) ,  . . . , $("+I) 1 

(3.3a) 

(3.3b) 

(3.3c) 

where q~ E (~I,(Pz....,~PN+M+~)~, + = ($I,$z,...,@N+M+~)~, pi = ait?A'il+A~'z~ 
$i = bie-""l-."~'~, and A,, ai, b, are arbitraq constants, N ,  M 2 1 .  

-- 
p = IN t 1 ;  M - I [  = det(v,@), .. . , p  ("2) $, *(I), , , , , p - 1 )  ) 
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Proof. We first prove that 5 ,  p ,  a defined by (3.3) satisfy equation (3.22). or equivalently, 
the following equation: 

You-Jin Zhang and fi Cheng 

5- Ill2 - t - rj, q2 - 4pa = 0. (3.4) 

From the definition we have 

N 
+IN- 1,2N+2;  M -  1 , M + l l - ~ ( - 1 ) N t i l f i j , 2 j + l ;  M - 2 , M + l , M I  

By using the identity (2.7) we  have 

(y*;) 5 = 5j2 + ZIA; M + I ,  MI +21fi; M - 1, M + 2 1  

- 2 [ N  - 1 , 2 N  + 2; M - 1 ,  M + 11  
N 

+ 2 - y ( - l ) " + j I f i j j , 2 j + l ;  M - l . M + 2 1 .  
j=O 

So from the identity 

we have - 
4 ( ~ ; , ; ~ 7 - 5 i ! r j J =  { l N - l , 2 N + 2 ;  M - l , M + l I  

N 

- x ( - l ) N + ' l k j , 2 j +  1 ;  M - Z , M + l , M I  
j=O 
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h_ 
N 

- J J - ~ ~ t j l i , ,  2 j  + 1; M - I ,  M + Z I ] I ~ ;  i~ 
j=O 

A -- + {lfi; M -  2, M +  1,Ml +If i ,M-  l , M + 2 l J  
N 

x E ( - ~ ) ~ + j l f i j ,  Z j  + 1; kl 

- I??; M - 1 ,  M + 1IIN- 1 , 2 N + 2 ;  cl. 
j=O 

By using the identity (2.8) we have 

q , j 2 ~ - t j , q 2 - 4 p u  = ~ J - ' ( - 1 ) ~ + j l f i ~ ;  ~ + 1 1 1 f i , 2 j + l ;  M - ~ , M I  
N 

j=O 
- A - -  

- 21N + 1 ;  M - l l lN - 1; M + 11 
- 2 E ( - l ) N t j l f i j :  k . M + 2 l l i ? , 2 k + l :  M-11 

N 

j=O 

For convenience, we denote the right-hand side of the above equality by 2s. By using 
identity (2.7) we have 
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By using the equality 
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we can rewrite S as follows: 

To prove S = 0, we need the following identities: 

they can be equivalently written as 

lfij,2j+ 1 ,2N+ 1; M -  lllN - 1; M + l I + I ( N -  1) j ,2j+ 1; M +  11 - -  
x 1 f i , 2 ~ +  1; M - 11 + I N  - 1 , 2 ~ +  1 , 2 j  + 1; M - iiifij: M +  1 1  
- Ifi ,2j+ 1; M -  lII(N- 1),,2N + 1; MS- 11 

= O  O < j < N - 1  (3.7) 

-he II 

c_ 

lfi~, 21 + + 1; M - 1 ll fij; M + 11 + lfiji. 2 + 1; M + 11 - I_ 

x 1fi ,2j  + 1; M - I I +  1fi,,2j+ I , U +  1; M - 111fi1; M +  11 

- lfirj,2j+ 1; M +  111fi,21+ 1; M - 11 *_ 

= O  O , < I < j , < N - I .  (3.8) 

Since when j < N - 1, Ifi, 2 j  + 2; M - 11 = 0, from identities (3.7) and (3.8) we know 
that S = 0. Thus we have proved that r,  p, U satisfy equation (3.24. Similarly, we can 
prove that r ,  p. U also satisfy equations (3.2b) and (3.2~). The theorem is proved. 
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4. A conjecture on the Wronskian structure for the solutions od the k-constrained KP 
hierarchy 

In the preceding section, we have shown that the Yajima-Oikawaequation (1.6) which is the 
first flow of the 2-constrained KP hierarchy, has solutions in generalized double Wronskian 
form. In this section, we shall give a conjecture on the Wronskian structure for the solutions 
of the k-constrained KP hiirarchy. For this purpose, we first give the bilinear equations for 
the k-constrained KP hierarchy. From [7,11] we know that if we define r ,  p,  U as follows: 

U r = -  P -Inr=ResaL" q = -  
atlat, T r 

az 

where Resa L" denotes the coefficient of a-' of the micro-differential operator L", then the 
k-constrained KP hierarchy can be put into the following bilinear equations: 

(4 .1~)  

(4.lb) 

(4 .14  

wherey=(yl ,y2, . . . ) ,  b = ( D i , f D z , ~ 0 3 , . . . ) ,  D, , ,n= l,Z,...istheHirots'sbilinear 
operator with respect to ln and pj(t). j = 1.2, . , . is the Schur polynomial defined by 

We now give the following conjecture: 

Conjecture. Let 

r = det ('p, 'p('), . . . , p(kN), @, @ ( I ) ,  . . . , (4 .3~)  
(4.3b) 

(4.34 

= det('p, v(~)* . .  , , +, @ ( I ) ,  . . , , $(M-* )  1 
U = det (p, 'p('), . ' ,  'p (XN-k) , @, @ ( I ) , .  .., @(M+l ) )  

where- p = (PI,  'pz, . . , V N + M + Z ) ~ .  $ = ($1 $2, . . , + N + M + z ) ~  , pi = aieF(?.A.) I @i = 
bie-F(',Aj), and ai, bi ,  A; are arbitrary constants, M ,  N are arbitrary positive integers. Then 
r ,  p ,  U defined by (4.3) satisfy equations in (4.1), thus giving a solution of the k-constrained 
KP hierarchy. 

From the Wronskian solutions of the AKNS hierarchy given in [lo] we know that the 
conjecture i s  verified for the 1-constrained KP hierarchy, and for the first flow of the 2- 
constrained KP hierarchy the conjecture is verified by the result of section 3. For general k, 
it  can be shown that the double-soliton solution of the k-constrained KP hierarchy found in 
[g] can be put into the form given in the conjecture with M = N = 2. 
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5. Conclusion 

We have proved that the first flow of the 2-constrained Kp hierarchy has solution in 
generalized double Wronskian form, and then based on this fact and the double Wronskian 
solutions of the I-constrained KP hierarchy, the doublesoliton solution of the k-constrained 
KP hierarchy, we give a conjecture that the k-constrained KP hierarchy has solutions in 
generalized double Wronskian form. We note that if OUT conjecture is true for general k, 
N, M, then the r defined by (4 .3~)  is also a tau-function for the KP hierarchy, and it may 
be put into the form of a usual Wronskian determinant [ I ,  11,121, this provides us a hint 
to verify OUT conjecture. On the other hand, from [SI we know that solutions ‘t, p,  U of 
the k-constrained KP hierarchy can be obtained by using the free Fermion operators, and 
they can be expressed by vertex operators, thus another possible way to see whether our 
conjecture is true is to relate the r ,  p,  U defined by (4.3) with the 5 ,  p ,  U expressed by the 
vertex operators given in [SI. 

You-Jin B a n g  and I? Cheng 
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